Abstract: A new analytical model for coupled radial well inflow and axial flow has been developed and applied to horizontal well productivity calculations. This analytical model results in a linear pressure distribution in the axial direction and a logarithmic pressure distribution in the radial direction. The analytical solution is investigated for two special cases where a one-dimensional analytical solution already exists. It is proven that the model reduces to the classical radial inflow model in the case when the axial pressure gradient is zero and to the linear Darcy equation when there is zero radial inflow. The new equations are also used to evaluate the well flow rates when the skin effect is included. The analytical solution verifies that the axial flow in the reservoir, in general, cannot be ignored, particularly in reservoirs with high permeability and high well productivity. The analytical model is used to quantify the importance of frictional losses in well productivity calculations. An example on how the analytical model can be used in hand calculations to determine well productivity and frictional losses is presented.
Introduction
Horizontal wells have been widely used in the oil and gas industry since the nineties, due to improvements in drilling and completions technology. Horizontal well technology can dramatically increase productivity by increasing the contact area with the reservoir, and is especially suitable for thin pay zone reservoirs and reservoirs with a modest anisotropy. However, simulation tools for predicting advanced well performance have not been developed concurrently with completion and drilling technologies.
The horizontal well deliverability for multi-phase flow is summarized in details by Economides et al. (1994) . Most of the analytical models, such as Joshi (1988) and Babu and Odeh (1989) are for steady state or semi-steady state flow and for certain reservoir geometry. Joshi (1988) presented an inflow equation in steady state flow of a horizontal well draining from an elliptical cylinder reservoir. Babu and Odeh (1989) presented the analytical solution to the well productivity in a box shaped reservoir. An analytical approach incorporating well and reservoir flow was introduced by Penmatcha and Aziz (1999) , with the well itself being treated as a line source. This research incorporates the pressure loss in the wellbore in a semi-analytical fashion. In the wellbore, pressure gradients due to friction cannot in general be ignored, which was first demonstrated by Dikken (1990) . Therefore, numerical schemes are needed to include the pressure loss inside the well bore.
In reservoir simulation, a well model needs to be coupled with the reservoir model such that e.g. pressures and flow rates can be solved simultaneously and implicitly. A comprehensive approach incorporating a full field scale reservoir with multiple advanced wells was presented by Holmes et al. (1998) . If a comparison is made between a full field reservoir model using this approach with an advanced well completion and the same reservoir model with a simple completion, the computational time is considerably higher with the advanced completion. Coupled wellbore and reservoir models have also been developed for advanced completions in Aziz (2001) , Johansen and Khoriakov (2007) and Khoriakov et al. (2012) .
Previously, axial reservoir flow in modeling of advanced well completions has been mostly ignored in analytical approaches. However, the frictional pressure loss for advanced wells cannot in general be ignored and the axial flow along the well trajectory must be considered. In this paper, a two-dimensional analytical solution for the simultaneous axial and radial flow in a homogeneous and isotropic reservoir well segment is developed. The axial flow in the near-well reservoir is incorporated in the analytical model for the first time.
This analytical pressure distribution is linear in the axial direction and logarithmic in the radial direction (Section 2). Under simplifying assumptions, the coupled axial and radial model reduces to the classical radial flow equation and linear flow equation given by Darcy's Law (Section 3). As an example on use of the new model, the deviation from pure radial and axial flow is calculated as a function of radial pressure variance over a segment (Section 4). As a second example, it is demonstrated how flow rates and frictional pressure losses can be easily calculated by the new model using a multi-segment approach (Section 5). Using the new model, the axial to radial flow ratio is calculated to quantify the importance of including axial flow in calculations of well performance and axial flow distribution as functions of reservoir parameters (Section 6).
Coupled Axial and Radial Flow Model
We approximate a given well trajectory by a series of linear segments and then focus on the detailed flow analysis associated with one such segment, shown in Fig. 1 . This is achieved through the derivation of an analytical solution for axial and radial flow rates for such a segment. The segment consists of a well segment surrounded by a cylindrical homogeneous and isotropic reservoir domain with permeability K. We assume the model is two-dimensional with no flow in the angular direction, only in the x− and r− directions. The steady state flow of a single incompressible fluid at an arbitrary point (x, r) in the reservoir is given by
where p(x, r) is the pressure at any location in the segment. We assume the boundary conditions for the segment in Fig. 1 are given by
i.e. the pressures are given (and fixed) at the upstream and downstream boundaries at the external radius and at the internal radii . It is then convenient to introduce the pressure differences (see Fig. 2 and Fig. 3 ):
For boundary conditions as described above, there will be both axial (along-well) and radial flow (well inflow). The analytical determination of the associated flow rates is the main result of this paper:
1) The total steady state radial flow rate for the segment in Fig. 1 and Fig. 2 is given by
where ∆ r p is the average draw down over the segment, i.e. ∆ r p = [∆ r p L + ∆ r p 0 ]/2 and the pressure differences are given by Eq.(3).
2) The total steady state axial flow rate for the segment is given by
To see this, we first make the observation that the pressure given by
satisfies Eq.
(1) where x = x/L; r = r/r w and a, b, c, d are constants. Fig. 3 shows the pressure surface in one segment, as well as the pressure differences defined in Eq. (3). It is then straight forward to show that p(r, x) given by (6) also satisfies the boundary conditions (2) when the coefficients are given by
Let dq r be the radial flow rate over an infinitesimal sub-segment with length dx. Using Darcy's Law in the radial direction and Eq.(6), the flow rate dq r in the infinitesimal slice dx (Fig. 4a ) is
The radial flow rate over the whole segment is then obtained by integration
which becomes
i.e. the total radial flow rate is proportional to the average radial pressure difference over the segment. This proves Eq. (4). Consider next an infinitesimal ring of radius r and thickness dr in a cross section of the segment, shown in Fig. 4b . Let the axial flow rate in the ring be dq x . From Darcy's Law and Eq. (6),
The total axial flow rate is determined by integration of Eq. (11);
This proves Eq. (5), and thereby the main result of this paper.
Classical Radial and Axial Flow Models
We next consider two special cases of boundary conditions, for which analytical solutions already exist (i.e. the classical solutions for radial and linear flow).
We demonstrate below that the solution (4), (5) will reduce to these known classical solutions in these special cases. We also answer the question: If flow occurs simultaneously in both the radial and axial direction, exactly when (if at all) are the classical formulas for flow in any one direction valid independently of the flow in the other direction?
Consider first the special case when there is no pressure gradient in the axial direction, i.e. the flow is purely radial. Eq. (10) should then reduce to the steady-state formula for radial flow, i.e.
This is indeed true since in this case ∆ r p L = ∆ r p 0 = ∆ r p and (4) reduces to (14). Furthermore, Eq. (13) should reduce to zero, which is true since ∆ r p L = ∆ r p 0 and ∆ x p w = 0 in equation (13). Consider next the special case when reservoir pressure and wellbore pressure are equal. In this case, the equation for axial flow should reduce to the linear Darcy's Law and the equation for radial flow should vanish. The assumption made in this special case translates to ∆ r p L = ∆ r p 0 . Therefore, the radial flow Eq. (10) indeed vanishes, and the first term in the axial equation (13) also vanishes, leaving only the second term non-zero. Since in this case p w = p r for all values of x , the second term in Eq. (13) is Darcy's Law for axial flow in a cross sectional torus of area π(r 2 e − r 2 w ). We finally in this section make the observation that when pressure gradients satisfy ∆ x p e = ∆ x p w = ∆ x p and ∆ r p L = ∆ r p 0 = ∆ r p, the radial equation (4) and the axial equation (5) reduce to
This shows that the standard equation (15) for radial and axial flow are valid even if flow occurs simultaneously in both directions, if and only if the pressure draw down along the segment is constant. This never holds true when frictional pressure loss is significant.
Calculated examples on axial and radial flow
Following the results of Section 3, in this Section we demonstrate through two calculated examples how the coupled axial and radial flow model approach the classical formulas as the boundary conditions approach those for the classical cases. The basic parameters used are shown in Table 1 . In the first example, the well bore pressures are fixed at both x = 0 and x = L, resulting in no pressure gradient in axial direction, i.e. ∆ x p w = 0. The reservoir pressure p(r e , L) is kept constant while p(r e , 0) varies to approach ∆ r p L = ∆ r p 0 . The pressure difference in a macroscopic segment is shown in Fig. 5 . In this case, the radial flow rate approaches the pure radial flow rate given by the steady state radial flow equation as ∆ r p 0 approaches ∆ r p L . In  Fig. 6 , the axial and radial flow rates are plotted as a function of the axial pressure gradient. As the radial pressure gradient at x = L approaches the radial pressure gradient at x = 0, i.e. ∆ r p L → ∆ r p 0 , the radial flow rate approaches the classical flow rate (4.7 m 3 /day) given by Eq. (14) and the axial flow rate approaches 0 m 3 /day when axial pressure gradient approaches zero.
In example 2, the pressure difference ∆ r p 0 increases from 1 kPa to 2 kPa. The pressure difference in the segment is shown in Fig. 7 . In this example, both axial and radial pressure gradients exist and the reservoir pressure and the wellbore pressures are approaching parallel, i.e. ∆ x p e → ∆ x p w and ∆ r p 0 → ∆ r p L . Therefore, the radial and axial flow rates approach the pure radial and pure axial flow rates calculated by Eq. (15) of 4.7 m 3 /day and 2.7 m 3 /day, respectively. This is shown in Fig. 8 .
Pressure distribution in multi-segment wells
Pressure distribution and flow rates are calculated in Section 4 for one well segment. For real cases, the well is divided into multiple segments and a simple calculation example of a multi-segment well is presented in this section. Consider a multi-segment model with five segments and each of them is the same as that shown in Fig. 1 except for pressures and flow rates. The external reservoir pressure is assumed to be constant and the pressure distribution is determined iteratively: 1) Assume the wellbore pressure for each segment is the same, p i = p heel .
2) Calculate the well inflow q r (i), axial flow rate q x (i) according to Eq. (4) and (5).
3) Determine the pressure gradient along the wellbore caused by friction,
where f is the Darcy friction factor; ρ is the fluid density; v is the velocity and D is the diameter of the wellbore. The flow rate inside the wellbore is determined by mass balance, i.e. net fluid accumulation in a segment equals to zero. 4) Determine the wellbore pressure using the frictional pressure loss from step 3).
5) Repeat steps 2) to 4) with wellbore pressure from 4) until the pressure is converged, which means the flow is steady state.
Following the calculation algorithm given above, a simple calculation is performed with data from Table 2 . The convergence criteria used in this example is that the total relative error is less than 10 −6 , i.e.
where N x = 5 is the number of segments; n is the iteration step; i is the segment number with i = 1 at the heel. The result after each iteration step is shown in Table 3 . The pressure profile is shown in Fig. 9 . The pressure distribution for multi-segments is piecewise linear in each segment, different from the piecewise constant obtained by finite difference methods.
Axial and Radial Flow Ratio
In this Section we first investigate the flow rate ratios Q r /Q x , to arrive at a precise method for evaluating when it is adequate to ignore axial flow rate in well inflow calculations. Thereafter, we investigate the ratio of the axial flow rate close to the well and the total axial flow rate in the entire cylindrical reservoir region in Fig. 1 . In order to investigate the behavior of the ratio Q r /Q x we make the simplifying assumption that the reservoir pressure is constant. First, note that by considering the equations (4), (5) this ratio does not depend explicitly on permeability. We define directional transmissibilities according to these formulas as 
where subscripts r and x are for radial and axial flow, respectively. Then, Eq. (4) and Eq. (5) read
Using the assumption of constant reservoir pressure, we find
and
Therefore,
where
This is the ratio of wellbore pressure loss to reservoir drawdown, which is the same quantity introduced in Penmatcha and Aziz (1999) to quantify the importance of including frictional pressure drop in well hydraulics calculations. Interestingly, the above shows that it is the same ratio that determines when it is adequate to ignore axial flow in well inflow calculations. In Fig. 10 and Fig. 11 , we have plotted the ratio Q r /Q x as a function of the quantity τ in (23). Here, L and r e were chosen 100 m and r w = 0.1 m; other parameters used are from Table. 1. Fig. 10, Fig. 11 shows the ratio Q r /Q x as a function of τ in the range [0.01, 1.0], and in the range [1.0, 6.0], respectively. Clearly, for small values of τ corresponding to low frictional loss/high drawdown, it is adequate to ignore axial flow effects. This is typical for low permeability/low productivity wells. As τ increases, Q r /Q x decreases asymptotically to T r / [T x1 − T x2 ]. For large values of τ corresponding to high frictional loss/low drawdown, the axial flow cannot be ignored.
We observe that although the flow ratio Q r /Q x is independent of permeability and viscosity, it does depend on the length (L), the outer radius (r e ) and wellbore radius (r w ).
Finally, in this section we investigate the ratio Q t x /Q x and Q n x /Q x where Q t x is the axial flow rate in the torus between radii R and r e ; Q n x is the axial flow rate in the torus between R and r w and Q x is the total axial flow rate given by Eq.(19), as seen in Fig. 12 . To find Q t x and Q n x we use the concept from Eq.(12):
where a and b are given by Eq.(7). We then have
Using the assumption that the outer reservoir pressure is constant, we find
where σ = R/r e ; σ 0 = r w /r e . Obviously, the ratio is 0 for R = r e and 1 for R = r w . Similarly,
The ratio (29) is actually the axial flow rate ratio of the "near well region" applied to the whole reservoir cylinder. The ratio equals 0 when R = r w and 1 when R = r e . Clearly,
. Note that the above ratios both only depend weakly on the dimensions through ln(σ 0 ) since L is absent in these formulas. This is illustrated in Fig. 13 and Fig. 14, where the ratios in Eqs. (28), (29) are plotted as a function of σ on the same scale.
If the near-well region has a different permeability from the reservoir permeability, increased permeability caused by stimulation or decreased permeability due to formation damage, the axial and radial flow in the near-well region will be affected. It is easy to derive the flow equations if the skin factor is considered. The radial inflow equation (Eq. 4) then becomes
where S =
It is straightforward but cumbersome for the axial flow equations since it combines Eq. (26) and (27) (24) and (25), respectively. The flow rate ratio with different permeability in the near-well region is plotted in Fig. 15 . It is demonstrated that the axial flow is more important when the well is stimulated (for after acidizing) and less important when the near-well region has damages.
Conclusions
A new two-dimensional analytical solution for coupled axial and radial flow in a homogeneous well segment is derived. In this model, axial flow along a well trajectory is coupled with radial flow for the first time. It results in a linear pressure distribution in the axial direction and a logarithmic distribution in the radial direction. The analytical solution is investigated for two special cases where one-dimensional analytical solutions already exist and they are found to coincide. The analytical results also verify that the axial flow along the well trajectory cannot be ignored, especially for reservoirs with high permeability and high productivity wells. The analytical model includes the axial flow in the near well region. It provides a simple well inflow equation and an axial near-well reservoir flow equation. It is also demonstrated how the analytical solution can be used in numerical method for the entire well trajectory and near-well region. Analytical coupled axial and radial productivity model for steady-state flow in horizontal wells17 Figure 10 Radial to axial flow ratio, small τ value Figure 11 Radial to axial flow ratio, large τ value Figure 12 Fraction of total axial flow rate in the ring of radius R Figure 13 Flow rates ratio Q t x /Qx vs. radii ratio σ Figure 14 Flow rates ratio Q n x /Qx vs. radii ratio σ Figure 15 Flow rates ratio Q t x /Qx vs. radii ratio in different near-well region permeabilities
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